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SEMIFREE HAMILTONIAN CIRCLE ACTIONS ON
6-DIMENSIONAL SYMPLECTIC MANIFOLDS WITH
NON-ISOLATED FIXED POINT SET
YUNHYUNG CHO, TAEKGYU HWANG, AND DONG YOUP SUH
Abstract. Let (M,ω) be a 6-dimensional closed symplectic manifold
with a symplectic S1-action with MS
1
6= ∅ and dimMS
1
≤ 2. Assume
that ω is integral with a generalized moment map µ. We first prove that
the action is Hamiltonian if and only if b+2 (Mred) = 1, where Mred is
any reduced space with respect to µ. It means that if the action is non-
Hamiltonian, then b+2 (Mred) ≥ 2. Secondly, we focus on the case when
the action is semifree and Hamiltonian. We prove that if MS
1
consists
of surfaces, then the number k of fixed surfaces with positive genera is at
most four. In particular, if the extremal fixed surfaces are spheres, then
k is at most one. Finally, we prove that k 6= 2 and we construct some
examples of 6-dimensional semifree Hamiltonian S1-manifolds such that
MS
1
contains k surfaces of positive genera for k = 0 and 4. Examples
with k = 1 and 3 were given in [L2].
1. Introduction
Let (M2n, ω) be a 2n-dimensional closed symplectic manifold with a sym-
plectic S1 action. Many mathematicians tried to find some conditions on
M which make a symplectic circle action Hamiltonian. One easy condition
is that M is simply connected. Then any closed 1-form is exact, so any
symplectic circle action is Hamiltonian. In 1959, Frankel discovered a con-
dition in terms of the fixed point set in the Ka¨hler category. The following
theorem will be referred as Frankel’s theorem throughout. Since any Hamil-
tonian action on the compact space has a fixed point, the only if part is
trivial.
Key words and phrases. symplectic manifold, circle action, Hamiltonian action, moment
map.
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Theorem 1.1. [F] Assume that ω is a Ka¨hler form and the circle action is
holomorphic. Then the symplectic S1 action is Hamiltonian if and only if it
has fixed points.
Ono extended Frankel’s theorem to the case when (M2n, ω) is symplectic
and satisfies the Lefschetz condition, i.e., ∧ωn−1 induces an isomorphism
from H1(M,R) to H2n−1(M,R). Ka¨hler manifolds are well-known to satisfy
the Lefschetz condition. See [McS] p.154 or [O].
Unfortunately, Frankel’s theorem does not extend to the symplectic cate-
gory in general. In 1988, McDuff [Mc1] proved that Frankel’s theorem holds
for 4-dimensional symplectic manifolds. But she also found a 6-dimensional
manifold with a symplectic non-Hamiltonian S1 action whose fixed point set
is not empty. In her example, all fixed components are 2-tori and all reduced
spaces are diffeomorphic to the 4-torus. Other such kind of examples are still
unknown. See also [K].
As McDuff showed, the existence of fixed points does not guarantee that
the symplectic circle action is Hamiltonian. But Frankel’s theorem can be
extended to the symplectic category under some additional conditions . For
example, Tolman and Weitsman [TW] considered semifree circle actions on
closed symplectic manifolds with finite fixed points. They proved Frankel’s
theorem using the localization theorem for equivariant cohomology. In [Go]
and [LO], more about Frankel’s theorem is discussed under some other con-
ditions.
In this paper, we assume that the cohomology class [ω] is integral so
that there exists a generalized moment map µ : M → S1. The generalized
moment map was introduced in [Mc1]. We give the definition by Audin [Au]
in Section 2. The symplectic reduction Mt := µ
−1(t)/S1 carries natural
orientation induced from the symplectic form. Recall that b+2 of an oriented
closed 4-manifold is defined to be the maximal dimension of the subspace of
H2(M,R) on which the cup product is positive definite. The reduced space
may be an orbifold, but Poincare´ duality for orbifolds is enough to define b+2 .
We state our main theorems.
Theorem 1.2. Let (M,ω) be a 6-dimensional closed symplectic S1-manifold
with generalized moment map µ : M → S1. Assume that the fixed point set
is not empty and the dimension of each component is at most 2. Then the
action is Hamiltonian if and only if b+2 (Mξ) = 1 for any regular value ξ of µ.
Theorem 1.2 implies that if the action is non-Hamiltonian, then b+2 (Mξ) ≥
2 for some, hence every, ξ ∈ S1. We prove Theorem 1.2 in Section 4 using
a result of [Lin]. In the following theorem, we assume that the action is
semifree. An S1 action is called semifree if it is free outside the fixed point
set.
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Theorem 1.3. Let (M,ω) be a 6-dimensional closed symplectic S1-manifold
with generalized moment map. Suppose the action is semifree and the fixed
components are all surfaces, so that all reduced spaces are diffeomorphic as
smooth manifolds. Then the reduced space Mred is diffeomorphic to an S
2-
bundle over a compact Riemann surface Σg of genus g if and only if the
action is Hamiltonian. Moreover, if the action is Hamiltonian, the number
of fixed surfaces with positive genera is at most four and cannot be equal
to two. In particular, if the extremal fixed surfaces are spheres, then this
number is at most one. If the number is four, then all genera of the four
fixed surfaces are equal to g.
Note that if the action is semifree and MS
1
is isolated, then M ∼= S2 ×
S2 × S2 and |MS
1
| = 8 as in [TW]. On the other hand if MS
1
consists of
surfaces, we will see in Section 7 that the number of fixed components can be
arbitrary. But the number of fixed surfaces with positive genera is bounded
by four by Theorem 1.3.
Since any ruled surface has b+2 = 1, Theorem 1.2 implies the first statement
of Theorem 1.3. However, to get the second part of Theorem 1.3, we need
a different approach for the proof of the first part of Theorem 1.3. We need
to study the change of the reduced symplectic form ωt and the Euler class e
on H2(Mred) when ωt and e pass through a critical level.
Note that if the action is semifree, Hamiltonian, and MS
1
consists of
surfaces, then any reduced space Mred with respect to the moment map is
diffeomorphic to an S2-bundle over Σg. Indeed, if all fixed components in
non-extremal levels of the moment map are of codimension 4, the diffeo-
morphism type of the reduced space does not change when passing through
a critical level. Moreover, the reduced space at a critical level is a smooth
manifold. (See [Mc1] or [GS].) Therefore in order to find the diffeomorphism
type of Mred, it is enough to look at the reduced space near the minimum.
The regular level near the minimum is an S3-bundle over the minimum, so
Mred is a ruled surface.
To prove Theorem 1.3, we use the fact that each fixed surface is a symplec-
tic submanifold of the reduced space at the level in which the fixed surface
lies. This will be treated in Section 5 and Section 6.
In Section 7, we construct several examples of semifree Hamiltonian S1-
manifolds. In [L2], Li constructed some semifree Hamiltonian S1-manifolds
such that MS
1
consists of surfaces. In her examples, the number of fixed
surfaces with positive genera could be one or three. In Example 7.11, we
construct a family of examples of Hamiltonian S1-manifolds whose fixed set
consists of four surfaces with nonzero equal genus and any number of spheres.
We also construct an example with N fixed spheres for any N ≥ 4 in Ex-
ample 7.13. Therefore, the upper bound on the number of fixed surfaces
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with positive genera is optimal and there is no constraint on the number
of fixed spheres. The construction follows that in [L2]. To construct such
Hamiltonian S1-manifolds, we first construct local pieces which are obtained
by the methods of Guillemin and Sternberg [GS], namely simple cobordisms
between reduced spaces, and then glue them together. A symplectic struc-
ture on the ruled surface is said to be compatible with the ruling if all fibers
are symplectic. Since two cohomologous symplectic forms on the same ruled
surface which are compatible with the ruling are isotopic [LM], we only
need to check that two pieces have the same Euler class and cohomologous
symplectic form on the gluing region. We discuss this in Section 7 in more
detail.
In Section 2 we give a brief review about symplectic circle actions with gen-
eralized moment maps. In Section 3 we introduce results about symplectic
structures on ruled surfaces due to Li and Liu [LL], and study symplecto-
morphisms on ruled surfaces. In Section 4 we give the proof of Theorem 1.2.
In Section 5 and 6 we give the proof of Theorem 1.3.
Remark 1.4. Here is a remark on the sign convention. In [Mc1], McDuff
regards the symplectic form ω on Cn as
∑
i dxi ∧ dyi, moment map H as a
map satisfying iXω = dH for the fundamental vector field X of the stan-
dard diagonal action, the Euler class of each level set as −dα where α is
a connection 1-form on a level set, and the gradient flow of H as JX. In
contrast, in [Au], [L1] and [L2], they assume that the symplectic form on Cn
is
∑
i dyi ∧ dxi so that all information has opposite signs, i.e., they use the
symplectic form −ω where ω is the one that McDuff used. In this paper, we
use the sign setting of [Au] and [L1].
Acknowledgments. We thank Dusa McDuff for commenting to us that
examples constructed in Section 7 are uniquely determined by the given
data. We are indebted to the referee who read the paper with meticulous
care and pointed out many inaccuracies.
2. Background
In this section we give some basic materials needed to state and prove the
main theorems.
Let M2n be a smooth closed connected manifold. A 2-form ω on M
is called symplectic if it is closed and non-degenerate. Since ω is non-
degenerate, (M,ω) has a natural orientation given by
∫
M ω
n > 0. We call
such pair (M,ω) a symplectic manifold. An S1-action on (M,ω) is called
symplectic if it preserves the symplectic form ω. Let X be the fundamental
vector field of the S1-action. Then the condition that the action is symplec-
tic is equivalent to that iXω is closed by Cartan’s formula. Furthermore, if
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iXω is exact, we say the action is Hamiltonian. If the action is Hamiltonian,
there exists a function H : M → R satisfying iXω = dH which is called
a moment map of the action. It is a well-known fact that H is a perfect
Morse-Bott function. Note that the critical point set of H is equal to the
fixed point set MS
1
. Since M is compact, the fixed point set is not empty.
Choose an S1-invariant ω-compatible almost complex structure J so that
g(·, ·) = ω(J ·, ·) defines a metric on M . Then −JX is the gradient vector
field of H with respect to the metric g. By Morse Theory, for any closed
regular interval [a, b], the gradient flow of H gives an isotopy from H−1(a)
to H−1(b). Furthermore, all critical points have even indices. In particular,
every level set of H is connected.
Now assume that the cohomology class [ω] is integral in H2(M,R). Then
iXω is also integral so that we can define a map µ : M → S
1 as follows
(See [Mc1] and [Au]). Choose any point x0 in M and define µ(x) =
∫ x
x0
iXω.
For any paths σ1 and σ2 from x0 to x, the difference of their path integrals∫
σ1
iXω−
∫
σ2
iXω is an integer, so µ is well-defined as an S
1-valued function
µ : M → R/Z ∼= S1. This map is called a generalized moment map. A
generalized moment map µ satisfies many properties of the moment map.
Locally µ satisfies the equation iXω = dµ. Note that for an ω-compatible
almost complex structure J , the infinitesimal action of the vector field −JX
determines an orientation of S1 ∼= R/Z, which we call the induced orientation
with respect to the S1-action. Therefore we can define the index of the critical
point. Note that if µ can be lifted to an R-valued function, the lifted map
is the moment map of the given action. Hence the action is Hamiltonian.
Remark 2.1. [R] Given a Hamiltonian S1-action on (M,ω), consider an-
other symplectic form ω′ on M such that the given S1-action is symplectic
with respect to ω′. Then the action is also Hamiltonian with respect to ω′.
This follows from Proposition 2.2 below, i.e., if we let C0 be a fixed com-
ponent which is sent to the minimum by the moment map with respect to
ω, then any loop σ in M is homotopic to some loop in C0. If we change an
S1-invariant symplectic structure by ω′ and µ is a generalized moment map
with respect to ω′, then µ∗(σ) should be zero in π1(S
1) so that µ can be
lifted to an R-valued moment map. Thus, if we want to prove a symplectic
S1-action on (M,ω) to be Hamiltonian, it is enough to prove the claim with
the assumption that [ω] is integral.
Proposition 2.2. [R] Let M be a compact connected Riemannian manifold
and f a Morse-Bott function with no critical manifold of index 1. Then,
there is only one connected critical manifold C0 of index 0 and π1(M/C0) =
0. In fact, for any loop σ ∈ π1(M), there is a homotopy from σ to some loop
in C0 relative to the points in σ
⋂
C0 along the negative gradient flow of f .
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Remark 2.3. By a Morse theoretic argument, if M is a differentiable man-
ifold of dimension n and if the Morse function f : M → R has no critical
point of index 1 or n − 1, then the number of connected components of
f−1(t) is constant for all t ∈ Imf ⊂ R. Moreover, the number of connected
components of a level set is equal to the number of connected components of
M . In particular, if M is connected, then every level set is connected. (See
[Au] p.112)
The following proposition seems to be known to people, but it is difficult
to find proper references for the proof. We thereby provide the proof here.
Proposition 2.4. Let (M,ω) be a connected closed 2n-dimensional symplec-
tic S1-manifold with integral symplectic form, i.e., [ω] ∈ H2(M,Z). Then,
there is a generalized moment map µ :M → S1 such that µ−1(t) is connected
or empty for each t ∈ S1. In particular, if the action is non-Hamiltonian,
then we have a generalized moment map µ such that µ−1(t) is non-empty
and connected for all t ∈ S1.
Proof. If the action is Hamiltonian, then µ can be lifted to an R-valued
moment map µ˜. Therefore by Remark 2.3, µ˜−1(t) is connected or empty
for each t ∈ R. Let m > max µ˜ − min µ˜ be an integer. For a covering
map p : R → S1 given by R → R/mZ, we get a generalized moment map
µ := p ◦ µ˜ which satisfies the condition of Proposition 2.4.
Now assume that the action is non-Hamiltonian. Let µ : M → S1 be a
generalized moment map as defined before Remark 2.1. Since all indices of
the critical points are even, there is no critical point of index 1 or 2n − 1
in M . This means that the number k of connected components of µ−1(t) is
constant for all t ∈ S1. We may assume k > 1. Note that µ induces a group
homomorphism µ∗ : π1(M)→ π1(S
1) ∼= Z.
We claim that Imµ∗ = kZ ⊂ Z so that µ can be lifted to the k-fold
covering of S1. Fix a regular value t0 ∈ S
1 ∼= R/Z and let L1, L2, .., Lk be the
components of µ−1(t0). For a sufficiently small ǫ, consider a Hamiltonian S
1-
manifold µ−1(S1−(t0−ǫ, t0+ǫ)) with boundary, regarding S
1−(t0−ǫ, t0+ǫ)
as a closed interval in R with moment map µ. Note that µ−1((t0−ǫ, t0+ǫ)) ∼=∐
Li × (t0 − ǫ, t0 + ǫ). Then µ
−1(t0 − ǫ) ∼=
∐
Li × (t0 − ǫ) is the maximum
level set of µ and µ−1(t0 + ǫ) ∼=
∐
Li × (t0 + ǫ) is the minimum level set of
µ in µ−1(S1 − (t0 − ǫ, t0 + ǫ)).
By Remark 2.3, µ−1(t) has k components for all t ∈ S1 − (t0 − ǫ, t0 + ǫ).
Let Mi be the connected component of µ
−1(S1 − (t0 − ǫ, t0 + ǫ)) whose
minimum level set is Li× (t0+ ǫ). Then M is decomposed by disjoint pieces∐
Li×(t0−ǫ, t0+ǫ) and
∐
Mi. If the maximum level set ofMi is Li×(t0−ǫ),
then it implies that there is no path in M from Li × (t0 − ǫ, t0 + ǫ) to
Lj × (t0 − ǫ, t0 + ǫ) for any j 6= i, which contradicts to the assumption that
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M is connected. So, the maximum level set is Lσ(i)×(t0−ǫ) for some σ(i) 6= i.
By a similar argument, we deduce that σ : [k] → [k] is a permutation cycle
of length k.
Choose any loop τ : [0, 1]→M with τ(0) = τ(1) = x such that µ∗([τ ]) 6= 0
in π1(S
1). Without loss of generality, we may assume that x ∈ L1. If τ goes
around along the orientation preserving direction, then τ passes through
each Li for all i = 1, ..., k and the numbers of intersection points with Li are
all equal by the previous argument. So, µ∗([τ ]) ≡ 0 (mod k). We need the
following lemma to finish the proof of the claim.
Lemma 2.5. Let (M,ω) be a connected closed symplectic S1-manifold.
(i) Suppose the action is Hamiltonian with moment map µ : M → R.
Let r be a regular value of µ in R. For any points x, y which lie in
µ−1(r) and for any path α connecting x and y in M , α is homotopic
to a path in µ−1(r) relative to x and y.
(ii) With the same assumption, for any points x in the minimum level
set and y in the maximum level set of µ, any path from x to y is
homotopic to some path β : [0, 1]→M relative to x and y such that
µ ◦ β is non-decreasing.
(iii) Suppose the action is non-Hamiltonian with a generalized moment
map µ : M → S1. Then any loop in M is homotopic to some loop
γ : [0, 1] → M relative to the base point such that µ ◦ γ is non-
decreasing or non-increasing with respect to the induced orientation
on S1.
Proof. (i) For a regular value r ∈ R with x,y ∈ µ−1(r), let α : [0, 1] → M
be a path from x to y. Since [0, 1] is compact, we can find a partition
0 = a1 < a2 < · · · < ak = 1 such that µ ◦ α|[ai,ai+1] ≥ r or ≤ r and
µ(α(ai)) = r for i = 1, 2, . . . , k − 1. Assume that µ ◦ α|[a1,a2] ≥ r. Since
µ−1(r) is connected, there is a path δ from α(a2) to α(a1) on µ
−1(r). Then
δ ∗ α|[a1,a2] is a loop at α(a1) such that µ(δ ∗ α|[a1,a2]) ≥ r where ∗ is the
product of paths. By Proposition 2.2, this loop δ ∗ α|[a1,a2] is homotopic
to some loop in µ−1(r) by considering the manifold µ−1([r,∞)) and we can
choose such homotopy fixing δ. It gives a homotopy from the path α|[a1,a2]
to some path on µ−1(r) such that α(a1) and α(a2) are fixed. Similarly, we
can find the homotopy on each (ai, ai+1) for all i.
(ii) Let α be a path from x to y. Then we may choose a partition 0 =
a1 < a2 < ... < ak = 1 such that µ ◦ α is non-decreasing on (ai, ai+1), or
α(ai) = α(ai+1). In the latter case, we apply (i) to get a non-decreasing
path.
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(iii) Consider the following diagram
M˜
µ˜
//
π

R
p

M µ
// S1
where p is a universal cover of S1, and M˜ is the pull-back manifold for µ.
Then M˜ is a Z-fold covering and a non-compact manifold.
For any loop α in M , there is a unique path lifting α˜ on M˜ for a given
starting point of α˜. Moreover µ˜ is a Morse function with critical points of
even indices on M˜ . By (ii), we can get a path γ˜ which is non-decreasing
along the gradient flow of µ˜. It is easy to see that γ = π ◦ γ˜ is the loop we
want. 
Now, back to the proof of Proposition 2.4. If we choose any generalized
moment map µ, we get a lifting µ˜ : M → S1 whose level sets are all con-
nected. If we regard the k-fold covering p of S1 as a map R/kZ → R/Z,
then p is a local isometry and we have ιXω = dµ = dp ◦ dµ˜ = dµ˜ so that µ˜
satisfies the Hamiltonian equation locally. Hence µ˜ is a desired generalized
moment map. 
From now on, we assume that level sets of the generalized moment map
are connected. Assume that the symplectic S1 action on (M,ω) is semifree,
i.e., it is free on M\MS
1
. Let µ : M → S1 be a generalized moment map.
For a regular value t ∈ S1 of µ, the inverse image µ−1(t) is a (2n − 1)-
dimensional free S1-manifold so that µ−1(t) → µ−1(t)/S1 is a principal S1-
bundle over µ−1(t)/S1. Since the action is free on regular levels, µ−1(t)/S1
is a connected smooth manifold with the induced symplectic structure. It
is called a symplectic reduction or reduced space of M at t, and denoted by
(Mt, ωt) where ωt is the reduced symplectic form on Mt.
Assume that all fixed components in M are of codimension 4. Then all
reduced spaces at any level t have the same diffeomorphism type (even if t
is a critical value, see [GS]) and we denote their representative by Mred. In
fact, all reduced spaces are isotopic to each other along the Morse flow. So
we may consider the set of all pairs (Mt, ωt) as an S
1-parametrized family of
symplectic manifolds (Mred, ωt). Moreover, each fixed component Xi is sym-
plectically embedded in the reduced space at the critical level containing Xi.
When t varies in a regular interval (a, b) ∈ S1, by the Duistermaat-Heckman
theorem, we have
(1) [ωt] = [ωr]− e(t− r) ∈ H
2(Mred,R)
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where r, t ∈ (a, b), e ∈ H2(Mred,Z) is the Euler class of the S
1-bundle
µ−1(t) → Mred (See [Au] or [DH]). Let s ∈ S
1 be a critical value of µ, and
let X1, ...,Xk be the fixed components of codimension 4 contained in µ
−1(s).
Then the change of the Euler class for the principal S1-bundle over Mred is
given by
(2) es+ = es− +
∑
Xi∈µ−1(s)
D(Xi).
Here, es−, respectively es+, denotes the Euler class at levels just below,
respectively above, the critical level s and D(Xi) ∈ H
2(Mred,Z) denotes the
Poincare´ dual of [Xi] ∈ H2n−4(Mred,Z). See [GS] Theorem 13.2 for more
details.
Suppose that (M,ω) is a non-Hamiltonian S1-manifold with a generalized
moment map µ : M → S1. Fix a regular value r. Then (M,ω) can be
reconstructed as follows. Consider the pull-back manifold
(M˜ , ω˜)
µ˜
//
π

R
p

(M,ω) µ
// S1
where ω˜ = π∗ω. Let [tmin, tmax] ⊂ R be a closed interval such that p(tmin) =
p(tmax) = r and p([tmin, tmax]) is a generator of π1(S
1). Let M˜ ′ be the
preimage of [tmin, tmax] by µ˜. Then (M˜ ′, ω˜|M ′) is a Hamiltonian S
1-manifold
with two boundary components M+ = µ˜
−1(tmax) and M− = µ˜
−1(tmin).
Note that π|M+ , respectively π|M− , is an S
1-equivariant diffeomorphism from
M+, respectively M−, to µ
−1(r) and the induced map π|M+/S
1, respectively
π|M−/S
1, is a symplectomorphism from M+/S
1, respectively M−/S
1, to
(µ−1(r)/S1, ωr) where ωr is the reduced symplectic form at level r. Now,
define M ′ = M˜ ′/φ to be the quotient space where φ : M+ →M− is defined
by φ = π|−1M− ◦ π|M+ .
Proposition 2.6. The above map π|
M˜ ′
: M˜ ′ →M induces an S1-equivariant
symplectomorphism π|
M˜ ′
/φ : M ′ →M .
Proof. To show that π|
M˜ ′
/φ is well-defined, we only need to check that
π|
M˜ ′
(x) = π|
M˜ ′
(φ(x)) for any x ∈M+. For x ∈M+,
π|
M˜ ′
(φ(x)) = π|
M˜ ′
◦ π|−1M− ◦ π|M+(x) =
π|M− ◦ π|
−1
M−
◦ π|M+(x) = π|M+(x) = π|M˜ ′(x).
The rest of the proof is straightforward. 
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So we can regard the closed non-Hamiltonian S1-manifold (M,ω) as a pair
(M ′, φ) where M ′ is a Hamiltonian S1-manifold with two boundary compo-
nents M+,M− which are the maximum and the minimum of the moment
map respectively, and φ is an S1-equivariant diffeomorphism which induces
a symplectomorphism on their reduced spaces.
3. Symplectic Ruled Surfaces
In this section, let (M,ω) be a 6-dimensional closed symplectic S1-manifold
with a generalized moment map such that Mred is a ruled surface. A ruled
surface is an S2-bundle over a compact Riemann surface Σg of genus g. Note
that the structure group of an oriented S2-bundle over Σg is SO(3) whose
fundamental group is Z2. So we can easily see that there are only two diffeo-
morphism types in the set of oriented S2-bundles over Σg: the trivial bundle
Σg × S
2 and the non-trivial one denoted by EΣg . A ruled surface is called
rational if the base manifold is a sphere, and irrational otherwise. A ruled
surface with a symplectic structure is called a symplectic ruled surface.
A symplectic form on a ruled surface is said to be compatible with the
ruling (or with the fiber) if its restriction to the fiber is non-degenerate.
This means that the fiber of a ruled surface is a symplectic submanifold.
The following theorem is due to Li and Liu. Using this theorem, we may
assume that the fiber of a ruled surface is symplectic.
Theorem 3.1. ([LL], [McS] p.448) Let π :M → Σg be a smooth S
2-bundle
over a compact Riemann surface Σg. For any symplectic form ω on M ,
(M,ω) is symplectomorphic to (M,ω′) for some symplectic form ω′ which
is compatible with the given ruling π. Moreover, we can assume that this
symplectomorphism acts trivially on homology.
Let (Mred, ωred) be a symplectic ruled surface. We choose a basis of
H2(Mred,Z) as follows. When Mred is trivial, let u be the dual of the class
represented by a symplectic fiber pt× S2, and let v be the dual of the class
represented by a trivial section Σg × pt such that
∫
Mred
uv = 1. For the non-
trivial case, let u be the dual of the class represented by a symplectic fiber
and v be the dual of the class represented by a section with self-intersection
−1 with
∫
Mred
uv = 1. Note that
∫
Mred
u2 =
∫
Mred
v2 = 0 and
∫
Mred
uv = 1
in the trivial case, and
∫
Mred
u2 = 0,
∫
Mred
v2 = −1 and
∫
Mred
uv = 1 in the
non-trivial case.
We compute the first Chern class c1(Mred) as follows. Let c1(Mred) =
xu+ yv for some x, y ∈ Z. Let F ∼= S2 be the fiber representing the dual of
u, and B ∼= Σg be the section of Mred representing the dual of v.
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In the trivial case Mred ∼= Σg × S
2, the normal bundles ν(F ) and ν(B) in
M are trivial.∫
F
c1(Mred)|F =
∫
Mred
c1(Mred) · u =
∫
Mred
(xu+ yv) · u = y.
On the other hand, c1(Mred)|F = c1(TF ⊕ν(F )) = c1(TF ) = c1(S
2). There-
fore y =
∫
F c1(Mred)|F = 2. Similarly∫
B
c1(Mred)|B =
∫
Mred
c1(Mred) · v =
∫
Mred
(xu+ yv) · v = x.
On the other hand, c1(Mred)|B = c1(TB⊕ν(B)) = c1(TB) = c1(Σg). There-
fore x =
∫
B c1(Mred)|B = 2− 2g. Hence
(3) c1(Mred) = (2− 2g)u + 2v.
In the non-trivial case Mred ∼= EΣg , the normal bundle ν(F ) is trivial, but
the normal bundle ν(B) is the complex line bundle whose first Chern number
is equal to −1. A similar computation shows that
2 =
∫
F
c1(Mred)|F =
∫
Mred
c1(Mred) · u = y.
Since
∫
B c1(Mred)|B =
∫
B c1(TB ⊕ ν(B)) = 1− 2g,
1− 2g =
∫
B
c1(Mred)|B =
∫
Mred
c1(Mred) · v = x− y.
Therefore x = 3− 2g and
(4) c1(Mred) = (3− 2g)u + 2v.
Now, assume that (M,ω) is a 6-dimensional closed non-Hamiltonian sym-
plectic semifree S1-manifold with a generalized moment map µ. Assume
MS
1
=
∐k
i=1Xi where Xi’s are connected surfaces for all i, and assume
that the reduced space Mred is a ruled surface. By Proposition 2.6, identify
(M,ω) with (M ′, φ). Here,M ′ is a Hamiltonian S1-manifold with two bound-
ary components M+ and M− with (M
′)S
1
=
∐k
i=1Xi, and φ : M+ →M− is
an S1-equivariant diffeomorphism described as in Proposition 2.6. Because
Mred is a ruled surface, M+ and M− are S
1-bundles over the ruled surface
Mred.
Let e−, respectively e+, be the Euler class of the S
1-bundle M−, respec-
tively M+. The S
1-equivariant diffeomorphism φ : M+ → M− induces a
symplectomorphism M+/S
1 →M−/S
1, still denoted by φ. Then φ∗e− = e+
and the equation (2) implies
(5) φ∗e− = e− +
∑
i
D(Xi)
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In particular, if φ acts on H∗(Mred) trivially, then
∑
iD(Xi) = 0.
Proposition 3.2. LetMred be a ruled surface with basis {u, v} of H
2(Mred,Z)
as above. Let ω1 and ω2 be two symplectic forms on Mred which are both
compatible with the ruling. Let ψ : (Mred, ω1) → (Mred, ω2) be a symplec-
tomorphism. Then ψ acts trivially on H2(Mred,Z) if Mred ≇ S
2 × S2. If
Mred ∼= S
2 × S2, then ψ acts on H2(Mred,Z) either trivially, or ψ
∗u = v,
ψ∗v = u.
Proof. First assume Mred ∼= EΣg is a non-trivial S
2-bundle. Then u2 = 0,
v2 = −1, uv = 1. Let ψ∗u = au+bv and ψ∗v = cu+dv. Since ψ is a symplec-
tomorphism, it preserves the intersection form. Hence ψ∗u2 = (au+bv)2 = 0,
ψ∗v2 = (cu+ dv)2 = −1, and ψ∗u ·ψ∗v = (au+ bv)(cu+ dv) = 1. The possi-
ble integral solutions are (a, b, c, d) = (1, 0, 0, 1), (−1,−2, 0, 1), (−1, 0, 0,−1),
and (1, 2, 0,−1). Note that for any 2-dimensional submanifold Z ⊂ Mred,
genus(Z) = genus(ψ(Z)).
Assume (a, b, c, d) = (−1,−2, 0, 1), i.e., ψ∗u = −u − 2v and ψ∗v = v.
Let Z be a symplectic 2-sphere which represents u. Apply the adjunction
formula to the 2-sphere Z so that
(6) 〈ψ∗u · ψ∗u, [Mred]〉 − 〈c1(Mred) · ψ
∗u, [Mred]〉 = 2g(ψ(Z)) − 2 = −2.
Here, LHS = (−u − 2v)2 − ((3 − 2g)u + 2v)(−u − 2v) = 4 − 4g, which is
impossible since g is an integer. Therefore (a, b, c, d) 6= (−1,−2, 0, 1). Simi-
larly (a, b, c, d) = (1, 2, 0, 1) and (a, b, c, d) = (−1, 0, 0,−1) are not possible.
This proves the result when Mred ∼= EΣg .
Now assume Mred ∼= Σg × S
2. Then u2 = 0, v2 = 0, and uv = 1.
Hence ψ∗u2 = (au + bv)2 = 0, ψ∗v2 = (cu + dv)2 = 0, and ψ∗u · ψ∗v =
(au+ bv)(cu + dv) = 1. Equivalently, ab = 0, cd = 0, and ad+ bc = 1. The
only possible integral solutions are (a, b, c, d) = (0,±1,±1, 0), (±1, 0, 0,±1),
i.e. ψ∗u = ±v, ψ∗v = ±u, or ψ∗u = ±u, ψ∗v = ±v.
If (a, b, c, d) is (0,−1,−1, 0) or (−1, 0, 0,−1), then the fiber cannot be
symplectic with respect to ω2. So, (a, b, c, d) 6= (0,−1,−1, 0), (−1, 0, 0,−1).
Let Z be a symplectic surface of genus g which represents v. If (a, b, c, d) =
(0, 1, 1, 0), then ψ∗u = v, ψ∗v = u. By applying the adjunction formula to
the surface ψ(Z),
〈ψ∗v · ψ∗v, [Mred]〉 − 〈c1(Mred) · ψ
∗v, [Mred]〉 = 2g(ψ(Z)) − 2 = 2g − 2.
LHS = u2 − ((2− 2g)u+ 2v)u = −2. Therefore we get g = 0. Consequently
ψ∗ = id if g ≥ 1, and ψ∗ = id or ψ∗u = v and ψ∗v = u if g = 0. 
If φ acts non-trivially on H2(Mred), we say that M is twisted. If Mred
is a ruled surface not diffeomorphic to S2 × S2, we can parametrize the
cohomology classes of the reduced symplectic forms [ωt] = ctu + dtv by
t ∈ S1 and ct, dt are continuous on S
1.
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If Mred ∼= S
2×S2, we can also parametrize the cohomology classes of the
reduced symplectic forms [ωt] = ctu + dtv by t ∈ S
1. But in this case, ct
and dt may not be continuous at one point when M is twisted.
For each fixed component Xi, if we write D(Xi) = aiu+ biv for ai, bi ∈ Z,
then
(7)
∑
i
ai =
∑
i
bi = 0
if Mred ≇ S
2 × S2 or Mred ∼= S
2 × S2 but M is not twisted.
When Mred ∼= S
2 × S2 and M is twisted, let e− = au + bv. By (5) and
Proposition 3.2, we have
(8) bu+ av = au+ bv +
∑
i
D(Xi) = (a+
∑
i
ai)u+ (b+
∑
i
bi)v.
Hence from (7) and (8), we always have the following equation
(9)
∑
i
(ai + bi) = 0.
4. Proof of Theorem 1.2
We start with the following theorem due to [Lin].
Theorem 4.1. [Lin] Assume that the action of a torus T on a connected
closed symplectic manifold M is an effective Hamiltonian action of complex-
ity two with moment map Φ : M → t∗. And assume that for any regular
value ξ ∈ t∗ of Φ, the symplectic reduced space Mξ = Φ
−1(ξ)/T has b+2 = 1.
Then the Duistermaat-Heckman function f is log-concave.
Recall that the Duistermaat-Heckman function f : t∗ → R is defined to be
the symplectic volume f(ξ) =
∫
Mξ
ω
dimMξ/2
ξ , where Mξ is the reduced space
at level ξ and ωξ is the corresponding reduced symplectic form. Duistermaat
and Heckman proved that f is a piecewise polynomial function and that it
is a polynomial on any open region U ∈ t∗ consisting of regular values of Φ.
We sketch the proof of Theorem 4.1 in the case when T = S1.
Let I be an open interval consisting of regular values of Φ and let e be
the Euler class of the S1-fibration over Mξ for ξ ∈ I. Note that e does
not depend on the choice of ξ ∈ I. Choose a fixed ξ0 ∈ I. By (1), [ωξ] =
[ωξ0 ] − e(ξ − ξ0). By assumption, the reduced space Mξ is of dimension 4,
so the function f is given by f(ξ) =
∫
Mξ
([ωξ0 ] − e(ξ − ξ0))
2. The condition
b+2 = 1 implies that there is a basis {u, v1, ..., vk} on H
2(Mξ,R) such that∫
Mξ
u2 = 1,
∫
Mξ
v2i = −1, and
∫
Mξ
uvi =
∫
Mξ
vivj = 0 for all i 6= j. After
expressing [ωξ0 ] and e in this basis, we can prove that f
′′f −f ′2 ≤ 0, so log f
is concave on I. On the other hand, an argument of Graham [Gr, Section 3]
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proves that log-concavity holds near a neighborhood of the critical values.
See Theorem 4.2. This proves that log f is concave on t∗. For more details,
see [Lin].
Let (M,ω) be a 6-dimensional closed non-Hamiltonian symplectic S1-
manifold with a generalized moment map Φ : M → S1. If the fixed point
set MS
1
is non-empty, Theorem 1.2 states that the reduced space Mξ =
Φ−1(ξ)/S1 should have b+2 ≥ 2 for any choice of the generalized moment
map Φ and the regular value ξ. Now we start the proof of Theorem 1.2 with
the following theorem due to Guillemin, Lerman, and Sternberg.
Theorem 4.2. [GLS, Section 5] Let c be a critical value of the moment
map Φ : M → R. The Duistermaat-Heckman function f(t) at t > c near c
is given by
f(t)− f−(c) =
∑
i
vol(Ci)
(di − 1)!
∏
j wij
(t− c)di−1 +O
(
(t− c)di
)
,
where f−(c) denotes the limit from the left, the sum is taken over all com-
ponents Ci of M
S1 ∩Φ−1(c), di is half the real codimension of Ci in M , and
wij are the weights of the S
1-representation on the normal bundle of Ci. The
symplectic volume vol(Ci) is defined to be 1 if Ci is a point.
Proof of Theorem 1.2. The only if part was proved in Section 5 in [Lin].
The idea is that the reduced space near the minimum is either a weighted
projective space CP 2 or a weighted CP 1-bundle over the minimum fixed
component, and b+2 (Mξ) does not change when ξ passes through a critical
level.
Conversely, assume that the action is non-Hamiltonian so that there is a
generalized moment map Φ : M → S1 which is surjective. Also, assume that
b+2 (Mξ) = 1 for a regular value ξ of Φ. Since log-concavity of a real-valued
function is a local property, we may apply Theorem 4.1 to Φ so that the
Duistermaat-Heckman function f : S1 → R with respect to Φ is log-concave
on S1. Since every periodic concave function is constant, log f is constant
so that f is a constant function on S1. Hence it is enough to show that f
can never be a constant function if the fixed point set MS
1
is non-empty.
Assume that there is some fixed surfaces Z1, · · · , Zk in M
S1 with Φ(Zi) =
c. By Theorem 4.2, the Duistermaat-Heckman function on (c, c + ǫ) is a
polynomial function which is of the form
f(t) =
∑
i
vol(Zi)∏
j wij
(t− c) +O
(
(t− c)2
)
.
Since the action is assumed to be non-Hamiltonian, every index of Zi is two so
that the coefficient of t is negative. In particular, the Duistermaat-Heckman
function f(t) is not constant on (c, c + ǫ). Hence it is a contradiction.
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Now assume that all fixed components are isolated points. Since the action
is assumed to be non-Hamiltonian, each fixed point has index 2 or 4. Let
c ∈ S1 be a critical value of Φ and let {z1, · · · , zk} be the set of all fixed
points which lie on Φ−1(c). By Theorem 4.2, the Duistermaat-Heckman
function on (c, c + ǫ) is a polynomial function which is of the form
f(t) =
∑
i
1∏
j wij
(t− c)2 +O
(
(t− c)3
)
.
Note that
∏
j wij is positive (negative, respectively) if zi is a fixed point of
index four (two, respectively). So it seems to be possible that the coefficient
of t would be zero if the set {z1, · · · , zk} contains index-two points and
index-four points simultaneously. To resolve this situation, set z = z1 and
let’s think of a new symplectic S1-manifold (M˜, ω˜), which is a sufficiently
small S1-equivariant symplectic blow up at z with an exceptional divisor
E. Note that the symplectic blow up keeps unchanged everything away
from the blown up point. Therefore, Φ induces a generalized moment map
Φ˜ : M˜ → S1, which coincides with Φ when we restricts Φ˜ to the complement
of E. In particular, the Duistermaat-Heckman function f˜ for Φ˜ is log-concave
and satisfies Theorem 4.2 so that f˜ should be constant. The fixed point set
lying on the exceptional divisor E consists of either three points or one
point and one sphere. In any case, E contains an isolated fixed point p with
Φ˜(p) 6= c. Since the value Φ˜(p) depends on the size of E, we can choose
the size of E small enough so that the level set Φ˜−1(Φ˜(p)) does not contain
any other fixed point except for p. If we apply Theorem 4.2 to p, then
the coefficient of t2 on (Φ(p),Φ(p) + ǫ) is non-zero for any small ǫ, which
contradicts that f˜ is a constant. It finishes the proof. 
5. Proof of Theorem 1.3 : The trivial fibration cases
We first prove the following proposition which is the first statement of
Theorem 1.3 for the trivial fibration case using a different approach from
Theorem 1.2.
Proposition 5.1. Let (M,ω) be a 6-dimensional closed symplectic semifree
S1-manifold with non-empty fixed point set MS
1
consisting of surfaces. Let
µ : M → S1 be a generalized moment map. If Mred is diffeomorphic to
Σg × S
2, then the action is Hamiltonian.
Proof. Recall that the orientations onM andMred are given by ω so that ω
3,
respectively ω2red, represents a positive volume form onM , respectivelyMred.
Let MS
1
=
∐k
i=1Xi where Xi are connected surfaces. Since the reduced
spaces are all diffeomorphic to Σg × S
2, for each t ∈ µ(M) ⊂ S1, we can
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identify µ−1(t)/S1 with (Σg×S
2, ωt) where ωt is the reduced symplectic form
at level t. Let u and v be the basis of H2(Mred,Z) as chosen in Section 3 after
Theorem 3.1. Then u2 = 0, uv = 1, and v2 = 0. Now the cohomology class of
ωt can be written as [ωt] = ctu+dtv ∈ H
2(Mred,R) for ct, dt ∈ R. Note that
if µ is surjective, as was mentioned in Section 3, ct and dt are continuous
on S1 if Mred ≇ S
2 × S2, and they may be discontinuous at at most one
point in S1 if Mred ∼= S
2 × S2. Since
∫
Mt
[ωt]
2 > 0, we have ctdt > 0 for all
t ∈ int(µ(M)) ⊂ S1. Therefore ct and dt are non-vanishing in the interior
of µ(M), and since µ(M) is connected, the signs of ct and dt in int(µ(M))
do not change. By Theorem 3.1, (Mt, ωt) is symplectomorphic to some
(Mred, ω
′) which is compatible with the fiber and [ωt] = [ω
′] ∈ H2(Mred), so∫
pt×S2 ωt = dt > 0. Therefore we get
(10) ct > 0, dt > 0, ∀t ∈ int(µ(M)).
For a fixed component Xi, let D(Xi) = aiu + biv where ai, bi ∈ Z. Let
s = µ(Xi) be a critical value. Then Xi is a symplectically embedded surface
in (Σg × S
2, ωs). By Poincare´ duality,
(11)
∫
Xi
ωs =
∫
Mred
D(Xi) · ωs = aids + bics > 0.
In particular, at least one of ai and bi should be positive.
By (3), the first Chern class is c1(Mred) = (2−2g)u+2v. By the adjunction
formula (6), D(Xi)
2 − c1(Mred) · D(Xi) = 2gi − 2 where gi is the genus of
the embedded surface Xi. Hence
(aiu+ biv)
2 − (aiu+ biv)((2 − 2g)u + 2v) + 2 = 2gi.
Therefore, we get
(12) (ai − (1− g))(bi − 1) = gi − g.
CASE 1: g ≥ 1
If g 6= gi, by (12), bi 6= 1 and ai = 1 +
gi
bi−1
− bibi−1g. If we assume bi < 0,
then ai < 1 and thus ai is non-positive, which contradicts (11). Therefore,
bi ≥ 0. If g = gi, then ai = 1 − g or bi = 1. Since g ≥ 1, we have ai ≤ 0
or bi = 1. By (11), bi ≥ 0. In any case, bi is non-negative for each i. If we
assume that the given action is non-Hamiltonian, then bi = 0 for all i by (7).
Hence by (11), all ai should be positive, which contradicts (7).
CASE 2: g = 0
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In this case, Mred ∼= S
2×S2. As discussed in Section 3, M can be twisted.
So, the parametrization of ωt may not be continuous at one regular value
r0 ∈ S
1. Define a function f on µ(M) by
(13) f(t) =
d
dt
[min(ct, dt)].
Even though ct and dt might not be continuous at r0 for twisted M , f is
well-defined at r0. Note that from (1), we have
(14) − et =
d
dt
ctu+
d
dt
dtv.
We claim that f is a non-increasing step function defined on a finite com-
plement of µ(M). This is divided into Lemma 5.2 to 5.7
Lemma 5.2. The function f is locally constant, and defined on µ(M) except
possibly at finitely many points. In particular if f is not defined at a point r
in a regular interval (α, β) ⊂ µ(M), then f is well-defined on (α, β) − {r}.
Proof. The functions ct and dt are linear on t in every regular interval of
µ(M) ⊂ S1 by the Duistermaat-Heckman theorem (1). Hence the derivatives
c′t and d
′
t are locally constant in a regular interval, and so is f . Therefore in
a regular interval (α, β) ⊂ µ(M), either ct ≡ dt, or ct = dt possibly at only
one point r in (α, β). Therefore the function min{ct, dt} is differentiable on
(α, β) except possibly at one point r where cr = dr, but ct 6≡ dt.
On the other hand, ct and dt may not be differentiable at critical values
of µ. Therefore there are only finitely many points of µ(M) where f(t) =
d
dt [min(ct, dt)] is not defined. 
Lemma 5.3. If f(t) is not defined at a regular value r of µ, then for a
sufficiently small ǫ,
f(r − ǫ) > f(r + ǫ).
Proof. Let r be a regular value on which f is not defined. For a small ǫ,
choose t1 ∈ (r− ǫ, r) and t2 ∈ (r, r+ ǫ). If min(ct, dt) = ct on (r− ǫ, r), then
min(ct, dt) should be dt on (r, r + ǫ). This happens when the d
′
t is smaller
than c′t on (r− ǫ, r+ ǫ). This means that f(t1) = c
′
t > f(t2) = d
′
t. Therefore
f decreases when it passes through the level µ−1(r). Similarly, we can prove
that f decreases when it passes through the level µ−1(r) in the case when
min(ct, dt) = dt. 
Let s be a critical value of µ, and let MS
1
∩µ−1(s) =
∐k
i=1Xi where Xi is
a fixed surface with genus gi for i = 1, . . . , k. By (1) and (2), we can easily
see that
(15) es+ǫ = es−ǫ + (
k∑
i=1
ai)u+ (
k∑
i=1
bi)v.
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where es±ǫ is the Euler class of the principal S
1-bundle over Ms±ǫ for a
sufficiently small ǫ. Therefore by (14),
(16) c′t+ǫ = c
′
t−ǫ − (
k∑
i=1
ai), and d
′
t+ǫ = d
′
t−ǫ − (
k∑
i=1
bi).
By equation (12), we have
(17) (ai − 1)(bi − 1) = gi
for all i. So if Xi has genus gi > 0, then
(18) ai ≥ 2, bi ≥ 2
since one of ai and bi is positive by (11). If gi = 0,
(19) ai = 1 or bi = 1.
Now, assume that f is not defined at s. Then we have three possibilities;
cs < ds, cs = ds, or cs > ds. Choose a sufficiently small ǫ > 0 so that f is
defined on s− ǫ ≤ t < s and s < t ≤ s+ ǫ.
Lemma 5.4. Assume cs < ds so that f(t) = c
′
t on (s− ǫ, s+ ǫ)−{s}. Then
f(s− ǫ) ≥ f(s+ ǫ).
The equality holds if and only if gi = 0 and ai = 0, bi = 1 for all i. If gi > 0
for some i, then f decreases by at least 2 when it passes through the critical
value s.
Proof. If gi > 0, then ai, bi ≥ 2 by (18). If gi = 0, then ai = 1 or bi = 1 by
(19). If bi = 1 and ai < 0, by (11),
0 < aids + bics = aids + cs < aids + ds < ds(ai + 1) ≤ 0,
which is a contradiction. So, if bi = 1, then ai must be non-negative. There-
fore if cs < ds, then ai is non-negative for all i. Note that by (16), f decreases
by
∑k
i=1 ai when it passes through the level µ
−1(s). Hence we are done. 
Similarly, we have
Lemma 5.5. Assume cs > ds so that f(t) = d
′
t on (s− ǫ, s+ ǫ)−{s}. Then
f(s− ǫ) ≥ f(s+ ǫ).
The equality holds if and only if gi = 0 and ai = 1, bi = 0 for all i. If gi > 0
for some i, then f decreases by at least 2 when it passes through the critical
value s.
Remark 5.6. Different from the case when g ≥ 1, if ai = 1, then bi may
be negative in Lemma 5.4. Similarly, if bi = 1, then ai may be negative in
Lemma 5.5.
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Lemma 5.7. Assume cs = ds. Then
f(s− ǫ) ≥ f(s+ ǫ).
In particular, ai, bi ≥ 0 and one of ai and bi is positive for all i. If gi > 0
for some i, then f decreases by at least 2 when it passes through the critical
value s.
Proof. If gi > 0, then ai, bi ≥ 2 by (18). If gi = 0, then ai = 1 or bi = 1
by (19). On the other hand, 0 < aids + bics = cs(ai+ bi) by (11). Therefore
if ai = 1, then bi ≥ 0. Similarly, ai ≥ 0 if bi = 1. Hence
(20)
k∑
i=1
ai ≥ 0,
k∑
i=1
bi ≥ 0.
Hence c′t and d
′
t do not increase when they pass through the critical value s
by (16).
Assume that ct < dt on (s − ǫ, s). Then f(t) = c
′
t > d
′
t on (s − ǫ, s).
Hence f(t) does not increase when it passes through s. Similarly, f does not
increase in the case when ct > dt on (s− ǫ, s).
If ct = dt on (s − ǫ, s), since c
′
t and d
′
t do not increase when they passes
through s by (16) and (20), f does not increase. 
Now, back to the proof of Proposition 5.1. By the previous lemmas, f is
a non-increasing step function on the complement of a finite set in µ(M).
Assume the action is non-Hamiltonian so that µ is surjective. Then f is
defined on S1 except at finitely many points. Since f is a non-increasing
function, f should be constant. By Lemma 5.4, Lemma 5.5, and Lemma
5.7, gi = 0 and ai + bi > 0 for all i. This contradicts (9). Hence the
S1-action should be Hamiltonian. This proves Proposition 5.1. 
Now, let (M,ω) be a 6-dimensional closed Hamiltonian semifree S1-manifold
with moment map µ : M → [tmin, tmax] ⊂ R. Assume that M
S1 con-
sists of surfaces. Let Σmin and Σmax be two fixed components such that
µ(Σmin) = tmin and µ(Σmax) = tmax. Note that Σmin and Σmax are diffeomor-
phic to the Riemann surface Σg of genus g. We give a basis of H
2(Mred,Z)
as follows. By Morse theory, the level set µ−1(r) near the minimum of µ
is an S3-bundle over Σmin and S
1 acts on µ−1(r) fiberwise. Therefore the
S3-bundle µ−1(r) → Σmin induces an S
2-fibration π : Mred → Σmin. By
Theorem 3.1, we may assume the reduced symplectic form ωr to be compat-
ible with the ruling given by π. Let u be dual to the class represented by a
symplectic fiber F . When Mred is trivial, let v be dual to the class repre-
sented by the base B = [Σg × pt] so that
∫
Mred
uv = 1. For the non-trivial
case, let v be dual to the class represented by a section with self-intersection
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−1 with
∫
Mred
uv = 1. Then u and v form a basis of H2(Mred,Z) and we
can express [ωt] = ctu+ dtv for all t ∈ (tmin, tmax).
Remark 5.8. [L1] Consider the S3-fibration µ−1(r)→ Σmax near the max-
imum of µ. It also induces an S2-fibration π′ : Mred → Σmax. Similarly,
we can choose a basis u′, v′ of H2(Mred,Z) with respect to π
′ as above. If
Mred ≇ S
2 × S2, then we can show that u = u′ and v = v′ in H2(Mred,Z).
In the case when Mred ∼= S
2 × S2, there are only two possibilities; u = u′,
v = v′, or u = v′ and v = u′. If u = u′ and v = v′, we say that M is not
twisted. If u = v′ and v = u′, we say that M is twisted. If M is twisted,
then the isotopy between the reduced spaces near the minimum and the
maximum along the Morse flow maps a fiber of Mred → Σmin representing
the dual of u to a section of Mred → Σmax representing the dual of v
′, and a
section of Mred → Σmin representing the dual of v to a fiber of Mred → Σmax
representing the dual of u′. See [L1] for more details.
To prove the second statement of Theorem 1.3 in the trivial fibration
cases, we need the following lemma due to Li.
Lemma 5.9. [L1] Let (M,ω) be a 6-dimensional closed Hamiltonian semifree
S1-manifold with moment map µ : M → R.
i) If the minimum is a surface Σg with the first Chern number of its
normal bundle equal to bmin, then the reduced space Mred near the
minimum is diffeomorphic to Σg × S
2 if and only if bmin = 2k is
even, and it is diffeomorphic to EΣg if and only if bmin = 2k + 1 is
odd. In either case, the Euler class of the principal S1-bundle over
Mred near the minimum is ku− v.
ii) If the maximum is a surface Σg with the first Chern number of its
normal bundle equal to bmax, then the reduced space Mred near the
maximum is diffeomorphic to Σg × S
2 if and only if bmax = 2k
′ is
even, and it is diffeomorphic to EΣg if and only if bmax = 2k
′ + 1 is
odd. In either case, the Euler class of the principal S1-bundle over
Mred near the maximum is −k
′u + v if Mred ≇ S
2 × S2 near the
maximum. In the case when Mred ∼= S
2×S2 near the maximum, the
Euler class of the principal S1-bundle over Mred near the maximum
is −k′u+ v or −k′v + u.
Proposition 5.10. Let M be a 6-dimensional closed Hamiltonian semifree
S1-manifold whose fixed point set consists of surfaces, and let µ : M →
[tmin, tmax] ⊂ R be the moment map. Suppose Mred is diffeomorphic to Σg ×
S2. Then the number of the fixed surfaces with positive genera is at most
four. If the maximal fixed surface is a sphere, then there is at most one fixed
surface with positive genus. Moreover if there are four fixed surfaces with
positive genera, these genera are all equal to g.
SEMIFREE CIRCLE ACTIONS ON SYMPLECTIC MANIFOLDS 21
Proof. Let MS
1
=
∐
iXi be the set of fixed surfaces, and let gi be the genus
of Xi for each i. Let D(Xi) = aiu+ biv for each i, where {u, v} is the basis
of H2(Mred,Z) as mentioned before Remark 5.8. Let Σmid denote the subset
of MS
1
consisting of non-extremal fixed surfaces, Σmin the minimal fixed
surface, and Σmax the maximal fixed surface.
We first prove the case when g ≥ 1. Then bi ≥ 0 for all i by the proof
of Proposition 5.1. For a principal S1-bundle µ−1(r) → Mred for a regular
value r ∈ S1, let emin be the Euler class of principal S
1-bundle near the
minimum of µ and emax be the one near the maximum of µ. By (2),
emax = emin +
∑
Xi⊂Σmid
D(Xi).
By Lemma 5.9, emin = ku−v and emax = −k
′u+v for some k, k′ ∈ Z. Hence
(21)
∑
Xi⊂Σmid
bi = 2.
Therefore, the possible values of bi are 0, 1, or 2. If bi = 0, then (12) implies
that ai = 1 − gi. Since ai and bi cannot be both non-positive by (11), ai
should be positive so that gi = 0. If bi = 1, then gi = g by (12). If bi = 2,
then bj = 0 for all j 6= i by (21). Therefore there are at most two fixed
surfaces Xi which have bi 6= 0 and are neither maximal nor minimal with
respect to µ. So, the number of fixed surfaces which are interior with respect
to µ and have positive genera is at most two. Counting with the minimal
and the maximal fixed surfaces, there are at most four fixed surfaces with
positive genera. In particular, if there are four fixed surfaces having non-zero
genera, then these genera are all equal to g.
We now prove the case when g = 0. In this case, Mred ∼= S
2 × S2 and
bi may be negative as we mentioned in Remark 5.6. So we need another
approach. Remember that [ωt] = ctu + dtv. Let F ∼= pt × S
2 be a fiber
of Mred → Σmin which represents the dual of u, and let B ∼= S
2 × pt be a
section of Mred → Σmin which represents the dual of v as mentioned before
Remark 5.8. Since the volume of the fiber tends to 0 and the volume of the
section B tends to the symplectic volume of the minimal fixed surface as t
approaches tmin,
0 = lim
t→tmin
∫
F
ωt = lim
t→tmin
∫
Mred
[ωt] · u = lim
t→tmin
dt
and
0 < lim
t→tmin
∫
B
ωt = lim
t→tmin
∫
Mred
[ωt] · v = lim
t→tmin
ct.
So, ct > dt near Σmin. Then, near Σmin, the value of the function f defined
in (13) is equal to the negative of the coefficient of v of emin by (14). By
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Lemma 5.9, emin = ku − v so that f(t) = 1 near Σmin. Near Σmax, let
F ′ ∼= pt× S2 be a fiber of Mred → Σmax which represents the dual of u
′ and
let B′ ∼= S2 × pt be a section of Mred → Σmax which represents the dual of
v′ as mentioned in Remark 5.8.
If M is twisted, then u = v′ and v = u′ so that B′ represents the dual of
u and F ′ represents the dual of v. Therefore
0 = lim
t→tmax
∫
F ′
ωt = lim
t→tmax
∫
Mred
[ωt] · v = lim
t→tmax
ct
and
0 < lim
t→tmax
∫
B′
ωt = lim
t→tmax
∫
Mred
[ωt] · u = lim
t→tmax
dt.
Hence f(t) = ddtct which is equal to the negative coefficient of u of emax near
Mmax. By Lemma 5.9, emax = u− k
′v for some integer k′ so that f(t) = −1
near Mmax.
If M is not twisted, then u = u′ and v = v′ so that B′ represents the dual
of v and F ′ represents the dual of u. Therefore
0 = lim
t→tmax
∫
F ′
ωt = lim
t→tmax
∫
Mred
[ωt] · u = lim
t→tmax
dt
and
0 < lim
t→tmax
∫
B′
ωt = lim
t→tmax
∫
Mred
[ωt] · v = lim
t→tmax
ct.
Hence f(t) = ddtdt which is equal to the negative of the coefficient of v of
emax near Σmax. By Lemma 5.9, emax = −k
′u+ v for some integer k′ so that
f(t) = −1 near Σmax. So if Mred ∼= S
2 × S2, then f(t) = 1 near Σmin and
f(t) = −1 near Σmax.
Note that f is a non-increasing function, and if the fixed surface Xi has
genus gi > 0, then f decreases by at least 2 when it passes through the
critical level containing Xi by Lemma 5.4, 5.5, and 5.7. Hence there exists
at most one fixed surface Xi with gi 6= 0. Since Σmin and Σmax are spheres,
there is at most one interior fixed surface Xi with gi 6= 0.
To sum up, if Mred ∼= Σg × S
2 with g ≥ 1, then there are at most four
fixed surfaces having non-zero genera in M . In particular, if there are four
fixed surfaces having non-zero genera, then these genera are all equal to g.
If Mred ∼= S
2 × S2, then there is at most one fixed surface having non-zero
genus. 
In fact, the number of fixed surfaces with positive genera cannot be two.
This will be proved in the next section. See Proposition 6.4.
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6. Proof of Theorem 1.3 : non-trivial fibration cases
Let EΣg denote a non-trivial S
2-bundle over a Riemann surface Σg of
genus g. In this section, we assume that Mred ∼= EΣg . Let u and v be the
basis of H2(Mred,Z) chosen as in Section 3 so that
∫
Mred
u2 = 0,
∫
Mred
uv = 1
and
∫
Mred
v2 = −1. Let MS
1
=
∐
iXi be the fixed point set consisting of
surfaces, and let D(Xi) = aiu + biv for each i. By Proposition 3.2, we
can parametrize the classes of reduced symplectic forms by t ∈ S1 so that
[ωt] = ctu + dtv, where ct and dt are continuous for all t ∈ µ(M). By
Theorem 3.1, we may assume that the fiber F ∼= S2 is symplectic. Hence∫
F ωt = dt > 0.
Before we prove Theorem 1.3, we make some remark on symplectic 4-
manifolds. A symplectic 4-manifold (M,ω) is called minimal if it has no
symplectically embedded sphere with self-intersection −1. It is well-known
that any irrational ruled surface is minimal.
The following theorem due to McDuff tells us which cohomology classes
in H2(Mred,Z) can be represented by a symplectic form when Mred is a
non-trivial rational ruled surface, i.e., a Hirzebruch surface.
Theorem 6.1. ([Mc2] ,[McS] p.204) Let Mred be a non-trivial rational ruled
surface. For the basis {u, v} chosen above, there is a symplectic form ω on
Mred which is compatible with the given ruling with [ω] = cu+dv if and only
if c > d > 0.
Now, we prove the first part of Theorem 1.3 for the non-trivial cases.
Proposition 6.2. Let (M,ω) be a 6-dimensional closed symplectic semifree
S1-manifold with non-empty fixed point set MS
1
consisting of surfaces. Let
µ :M → S1 be a generalized moment map. If Mred is diffeomorphic to EΣg ,
then the action is Hamiltonian.
Proof. Let MS
1
=
∐
iXi be the fixed surfaces and gi ≥ 0 be the genus of Xi
for each i. Since the reduced space for µ is diffeomorphic to EΣg for each
t ∈ µ(M), we can identify µ−1(t)/S1 with (EΣg , ωt) where ωt is the reduced
symplectic form at level t. Remember that D(Xi) = aiu + biv denotes the
class represented by the Poincare´ dual of Xi in H
2(EΣg ,Z).
Since ωt is the reduced symplectic form for every t ∈ µ(M) ⊂ S
1, we have∫
EΣg
[ωt]
2 > 0. For each i, Xi is a symplectic submanifold of the reduced
space at critical value s = µ(Xi). So we have
∫
EΣg
[ωs] · D(Xi) > 0. Since∫
F ωt = dt > 0, we have
(22)
∫
EΣg
(ctu+ dtv)
2 = (2ct − dt)dt > 0⇐⇒ 2ct > dt > 0,
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(23)
∫
EΣg
(csu+ dsv)(aiu+ biv) = aids + bics − bids > 0.
Recall that c1(EΣg ) = (3− 2g)u + 2v by (4). The adjunction formula for
Xi implies that
(aiu+ biv)
2 − (aiu+ biv)((3 − 2g)u + 2v) + 2 = 2gi.
Therefore
(24)
(
ai −
bi
2
− (1− g)
)
(bi − 1) = gi − g.
If we use the substitution
αi = ai −
bi
2
, βi = bi,
γt = ct −
dt
2
, δt = dt,
the above expressions (22), (23), and (24) are written in the following familiar
forms. (Compare with (10), (11), and (12)).
(25) γt > 0, δt > 0, ∀t ∈ µ(M),
(26) αiδs + βiγs > 0,
(27) (αi − (1− g))(βi − 1) = gi − g.
In particular, (25) and (26) imply that αi and βi cannot be both non-
positive simultaneously. Since αi ∈
1
2Z and βi ∈ Z, the situation is different
from the previous section.
CASE 1: g ≥ 1
If gi 6= g, by (27) βi 6= 1 and αi = 1 +
gi
βi−1
− βiβi−1g. Assume βi < 0.
Then giβi−1 ≤ 0 and
−gβi
βi−1
< 0. Since αi should be positive by (26), the only
possible value for αi is
1
2 . Therefore, the equation (27) is written as
βi =
2gi − 1
2g − 1
.
Since βi is a negative integer and g ≥ 1, we have gi = 0 and g = 1. So the
only possible case is αi =
1
2 and βi = −1. Therefore ai = 0 and bi = −1
so that Xi is a sphere with D(Xi) = −v and is symplectically embedded
in EΣ1 . This means that Xi is an exceptional sphere in EΣ1 . Since any
irrational ruled surface is minimal, it is a contradiction. Therefore, βi ≥ 0.
SEMIFREE CIRCLE ACTIONS ON SYMPLECTIC MANIFOLDS 25
If gi = g, then αi = 1−g or βi = 1. Since g ≥ 1, we have αi ≤ 0 or βi = 1.
By (26), βi ≥ 0. Hence if g ≥ 1, then bi = βi ≥ 0 for all i.
Now suppose that the action is not Hamiltonian. By (7), bi = 0 for all i.
So αi = ai −
bi
2 = ai should always be positive for all i by (26). It contra-
dicts (7).
CASE 2: g = 0
Note that Theorem 3.1 allows us to assume ω is compatible with the
ruling. Hence by Theorem 6.1, we have ct > dt > 0 for all t ∈ µ(M) ⊂ S
1.
By (23), we have
(28) aids + bi(cs − ds) > 0,
which implies that ai > 0 or bi > 0 for each i. By (27), we have
(29) (αi − 1)(βi − 1) = gi.
In the case when gi = 0, we have αi = 1 or βi = 1. If αi = 1 and
bi = βi < 0, then ai =
bi
2 + αi < 1. Since ai is an integer, ai ≤ 0 which
contradicts (28). Therefore bi = βi ≥ 0.
We now consider the case when gi > 0. Assume βi = bi < 0. Then ai
should be positive by (28). But by (29), αi < 1. Hence ai =
bi
2 + αi < 1.
Since ai is an integer, it cannot be positive. It contradicts (28).
Therefore bi ≥ 0 for all i. Now assume the action is non-Hamiltonian.
Then bi = 0 for all i by (7), and ai > 0 for all i by (28). It contradicts (7)
again. 
Proposition 6.3. Let M be a 6-dimensional closed Hamiltonian semi-free
S1-manifold whose fixed point set consists of surfaces. Suppose Mred is dif-
feomorphic to EΣg . Then the number of fixed surfaces with positive genera is
at most four. If the maximal fixed surface is a sphere, then so is the minimal
one and there is at most one fixed surface with positive genus. If there are
four fixed surfaces with positive genera, then these genera are all equal to g.
Proof. Let emin be the Euler class of the principal S
1-bundle µ−1(r)→Mred
for some regular value r near the minimum value of µ, and let emax be the
one near the maximum value of µ. By Lemma 5.9, the Euler class of the
principal S1-bundle over Mred near the minimum is ku − v and the Euler
class near the maximum is −k′u+v for some integers k and k′. By the proof
of Proposition 6.2, bi ≥ 0 for all i. Moreover
∑
i bi = 2 by (21). So the only
possible values of bi are 0, 1 or 2.
Consider the case when g ≥ 1 first. If bi = βi = 0, then (27) implies that
αi = 1− gi. Since αi and βi cannot be both non-positive by (26), αi should
be positive so that gi = 0. If bi = βi = 1, then gi = g by (27). If bi = 2,
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then bj = 0 for all j 6= i by (21). By the previous argument, bj = 0 implies
gj = 0, and hence all Xj’s are spheres for j 6= i.
In the case when g = 0, the minimum and the maximum are 2-spheres.
If gi ≥ 1, then βi = bi ≥ 2 by (29). Therefore bi = 2 and the other bj’s are
zero for j 6= i.
So, the number of interior fixed surfaces which have positive genera is at
most two. With the minimal and the maximal fixed surfaces, there are at
most four fixed surfaces with positive genera, and these genera are all equal
to g. Moreover, if the minimal and the maximal surfaces are spheres, then
there is at most one fixed surface with non-zero genus. 
The following proposition says that the number of fixed surfaces with
positive genera cannot be two. This finishes the proof of Theorem 1.3.
Proposition 6.4. There is no 6-dimensional closed semifree Hamiltonian
S1-manifold such that MS
1
consists of surfaces and the number of surfaces
with positive genera is two.
Proof. Assume that there exists a closed semifree Hamiltonian S1-manifold
such that MS
1
consists of surfaces and the number of surfaces with positive
genera is two. Let µ : M → R be the moment map with respect to the given
action. If the maximal fixed set is a sphere, then there is at most one fixed
surface with positive genus by Proposition 5.10 and Proposition 6.3. So we
assume that the genus g of the extremal fixed surfaces is positive and the
interior fixed surfaces are all spheres. By Lemma 5.9, the Euler class of the
principal S1-bundle µ−1(r) → Mred near the minimum is ku − v and the
Euler class near the maximum is −k′u+ v for some integers k and k′. Since
emax = emin +
∑
Xi⊂Σmid
D(Xi)
by (2), there is an interior fixed sphere Z whose dual class is au + bv in
H2(Mred,Z) for some integer b 6= 0.
Let i : Z →֒ Mred be the inclusion and let π : Mred → Σg be the given
fibration. Then the degree of the composition map f = π ◦ i : S2 → Σg
is not zero. Indeed, let σ be the volume form on Σg. Since π
∗σ is zero
on the fiber F , we have
∫
Mred
[π∗σ]u =
∫
F π
∗σ = 0. Hence [π∗σ] = cu for
some integer c. Recall that v is represented by a section s : Σg → Mred.
Since s∗π∗ = (π ◦ s)∗ = id|H2(Σg), π
∗ is injective. Therefore c 6= 0. Now∫
Z f
∗([σ]) =
∫
Z i
∗(π∗([σ])) =
∫
Z i
∗(cu) =
∫
Mred
(au + bv)cu = bc 6= 0. But
f is a continuous map S2 → Σg and hence it has degree zero. To see this,
choose x, y ∈ H1(Σg) so that xy ∈ H
2(Σg) is a fundamental class. Then
f∗(xy) = f∗(x)f∗(y) = 0 since H1(S2) = 0. So we are done. 
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7. Construction of 6-dimensional examples
In this section we construct some 6-dimensional closed Hamiltonian semifree
S1-manifolds whose fixed components are all surfaces; Example 7.11 is the
case when MS
1
contains four fixed surfaces whose genera are non-zero, and
Example 7.13 is the case when MS
1
consists of N fixed spheres for an ar-
bitrary integer N ≥ 4. Example 7.11 implies that the maximal number of
fixed surfaces with positive genera is four and it is optimal. Example 7.13
shows that there is no upper bound on the number of fixed components while
there are exactly 8 fixed points in the case when MS
1
consists of isolated
fixed points. See [TW].
LetM be a closed Hamiltonian semifree S1-manifold with moment map µ.
Denote the critical values of µ by
minimum = c0 < · · · < ci < · · · < ck = maximum.
For sufficiently small ǫ > 0, we can divide M into compact submanifolds
with boundary as follows:
µ−1[ci − ǫ, ci + ǫ] : critical piece,
µ−1[ci + ǫ, ci+1 − ǫ] : regular piece.
Each piece is a Hamiltonian semifree S1-manifold with boundary. So, we
will construct these pieces and glue them together along their boundaries.
To construct regular pieces, we need the following proposition.
Proposition 7.1. ([McS] p.156) For a given smooth manifold B, let I ⊂ R
be an interval and {ωt}t∈I be a family of symplectic forms on B such that
[ωt] = [ωr]− (t− r)e
for t, r ∈ I where e ∈ H2(B,Z). Moreover, let π : P → B be a circle bundle
with first Chern class e. Then there is an S1-invariant symplectic form ω
on the manifold P ×I with moment map µ equal to the projection P ×I → I
whose reduced spaces are (B,ωt).
Now, we will construct a regular piece using Proposition 7.1. The con-
struction is as follows. Let B = Σg × S
2 and let I be a closed interval in R.
Let {u, v} be a basis of H2(B,Z) as in Section 3. Then any class cu + dv
with c > 0 and d > 0 can be represented by a standard split symplectic form
cπ∗1σ1 + dπ
∗
2σ2 where π1 : Σg × S
2 → Σg and π2 : Σg × S
2 → S2 are the
canonical projections and σ1, σ2 are the normalized area forms on Σg and
S2 respectively. Hence if we have {ωt = ctπ
∗
1σ1 + dtπ
∗
2σ2}t∈I with ct, dt > 0
for t ∈ I satisfying [ωt] = [ωr]− (t− r)e for some e ∈ H
2(B,Z), then we can
construct a Hamiltonian semifree S1-manifold (P×I, ω) with moment map µ
equal to the projection P × I → I and with reduced spaces (B,ωt) where P
is the principal S1-bundle over B whose first Chern class is e ∈ H2(B,Z).
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Next we construct critical pieces. First, we construct a Hamiltonian S1-
manifold with boundary such that there is only one fixed component B
as a minimal fixed set with respect to the moment map. The following
proposition is from [L2]. We give a proof for reader’s convenience.
Proposition 7.2. [GS, L2] Let B be a compact Riemann surface with sym-
plectic form ωB, and let E → B be a C
2-bundle with first Chern number
〈c1(E), B〉 = bmin ∈ Z. Then there is a symplectic structure ωE on a neigh-
borhood Eδ of B in E such that ωE|B = ωB. Moreover, there is a Hamilton-
ian S1 action on Eδ, by shrinking it if necessary, such that B is the unique
fixed component and have the minimum value of the moment map.
Proof. Choose a Hermitian metric on E and consider the unitary frame
bundle F of E. It is a principal U(2)-bundle over B. If we choose a con-
nection on F , then it gives a projection TF → V F from the tangent bundle
of F to the bundle of vertical tangent vectors, and this gives the dual map
i : V ∗F → T ∗F . Let ωF be the canonical symplectic form on the cotangent
bundle T ∗F . Then ω := i∗ωF + π
∗ωB is a symplectic form on a neighbor-
hood V of the zero section of V ∗F , where π : V ∗F → B is the composition
of projection maps. The cotangent bundle (T ∗F, ωF ) has a canonically lifted
Hamiltonian U(2)-action, and we may choose V invariant so that the U(2)-
action on (V, ω) is Hamiltonian. Let Φ : (V × C2,−ω ⊕ ωst) → u(2)
∗ be a
moment map of the U(2)-action, where ωst denotes the standard symplectic
structure on C2, and U(2) acts on C2 in the canonical way. Define a Hamil-
tonian S1-action on (V × C2,−ω ⊕ ωst) such that it acts on the first factor
trivially and acts on the second factor as the standard diagonal action with
a weight (1, 1) with respect to the orientation on C2 given by ωst.
On a local trivialization chart U = ∪Ui where Ui ⊂ B, V
∗F is locally
isomorphic to Ui × U(2) × u(2)
∗ and the moment map for the U(2)-action
on Ui × U(2) × u(2)
∗ is just the projection onto u(2)∗. Therefore 0 ∈ u(2)∗
is a regular value of Φ and we can identify E with
(30) E = F ×U(2) C
2 = Φ−1(0)/U(2).
Then the reduced symplectic form ωE defines a symplectic structure on Eδ.
Note that the S1-action commutes with the U(2)-action on V × C2. Hence
the S1-action descends to Eδ, and the action is Hamiltonian with moment
map µ(x, z1, z2) =
1
2 (|z1|
2+ |z2|
2) near the zero section of Ui×C
2. Therefore
Eδ is a Hamiltonian semifree S
1-manifold with fixed point set B, and the
moment map µ has the minimum at B. 
Remark 7.3. By Lemma 5.9, the Euler class emin of the principal S
1-bundle
µ−1(t) → µ−1(t)/S1 near the minimum value is determined by the first
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Chern number bmin. Moreover, the above construction is valid for arbi-
trary bmin. Therefore we can construct such a critical piece Eδ with any
given emin.
Similarly, we can construct a Hamiltonian S1-manifold with boundary
such that there is only one fixed component B as a maximal fixed set with
respect to the moment map with any given emax.
To construct non-extremal critical pieces containing fixed components of
index 2, we need the following theorem due to Guillemin and Sternberg.
Theorem 7.4. [GS, Section 12] Let (M0, ω) be a symplectic manifold, X a
symplectic submanifold of M0, and π : P → M0 a principal S
1-bundle over
M0. Then for a given small open interval I = (−ǫ, ǫ), there is a unique
semifree Hamiltonian S1-manifold MI with moment map Φ :MI → R satis-
fying the following.
i) Φ is proper and Φ(MI) = I.
ii) For −τ < 0,Φ−1(−τ) is S1-equivariantly diffeomorphic to P .
iii) For −τ < 0, the reduction of MI at −τ is the manifold M0 with
symplectic form ω + τdα where α is a connection 1-form on P .
iv) X is the only fixed set of index 2 with respect to Φ.
v) For τ > 0, the reduction of MI at τ is the blow up, M+ of M0 along
X with symplectic form µτ − β
∗τdα where µτ is the τ -blow up form
and β is the blowing down map.
Here, the τ -blow up form µτ is a symplectic form on blown-up space of τ -
amount.
Therefore, if we have a symplectic manifold (M0, ω), an integral cohomol-
ogy class e ∈ H2(M0,Z), and a symplectic submanifoldX ⊂M0, then we can
construct a non-extremal critical pieceM with moment map µ : M → (−ǫ, ǫ)
such that Mred ∼= M0, e− = e where e− is the Euler class of the principal
S1-bundle µ−1(− ǫ2) over Mred, and M
S1 = X of index 2. Moreover, such
critical piece is unique up to S1-equivariant symplectomorphism.
Remark 7.5. Note that MI in Theorem 7.4 is constructed from P × I by
removing a small neighborhood U of π−1(X)×I, and by gluing some open set
along the boundary of (P × I)−U . Moreover, this surgery does not change
the symplectic structure outside of U . Hence X need not be connected. For
more details, see [GS] Section 12.
It remains to glue these “local pieces” along their boundaries. Let (M,ω)
and (N,ω′) be two local pieces with moment maps µM : M → [a, b] ∈ R
and µN : N → [b, c] ∈ R. Let (Mb, ωb), respectively (Nb, ω
′
b), be a reduced
space at b with respect to µM , respectively µN . Assume that there is a
symplectomorphism φ : (Mb, ωb) → (Nb, ω
′
b) such that φ
∗eN = eM where
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eN is the Euler class of the principal S
1-bundle µ−1N (b) and eM is the one of
µ−1M (b).
Lemma 7.6. [L2, Lemma 13] The symplectomorphism φ induces an S1-
equivariant diffeomorphism φ˜ : µ−1M (b)→ µ
−1
N (b).
In the case when the reduced spaces of local pieces are diffeomorphic to a
ruled surface, we need the following theorem.
Theorem 7.7. [LM] Let ω0 and ω1 be two cohomologous compatible sym-
plectic forms on a ruled surface. Then they are isotopic.
Combining Theorem 3.1 and Theorem 7.7, we have the well-known theo-
rem which classifies symplectic structures on a ruled surface.
Corollary 7.8. There is a symplectomorphism between two cohomologous
symplectic forms on a ruled surface. In particular, we may choose a sym-
plectomorphism which acts on homology trivially.
Hence if M ∼= N is a ruled surface and if [ω] = [ω′] and eN = eM , then
we can glue M and N along µ−1M (b).
Remark 7.9. Although what we need is existence, we can also think about
uniqueness. By a result of Gonzalez [Gon], a Hamiltonian S1-manifold
(M,ω) is uniquely determined by its fixed point data up to equivariant sym-
plectomorphism when (Mred, {ωt}) is rigid.
Definition 7.10. [Gon] Let B be a manifold and {ωt} be a smooth family
of symplectic forms on B. The pair (B, {ωt}) is said to be rigid if
(i) Symp(B, ωt)∩ Diff0(B) is path connected for all t.
(ii) Any deformation between any two cohomologous symplectic forms
which are deformation equivalent to ωt on B may be homotoped
through deformations with fixed endpoints into an isotopy.
According to Proposition 1.6 in [Mc4], (i) holds for (B = Σg×S
2, ωt) when
a
b ≥ [g/2], where [ωt] = au + bv. By Theorem 1.2 in [Mc3], (ii) holds for
any ruled surfaces. Combining these results, we can see that the following
examples with the given data are uniquely determined up to equivariant
symplectomorphism.
Example 7.11. Let (Σmin, ωmin) = (Σg, σ) with g ≥ 1, where σ is the
normalized symplectic form on Σg. Consider a trivial C
2-bundle Emin over
Σmin. By Proposition 7.2, there is a symplectic form on E and a Hamiltonian
S1-action on E with moment map µ with µ(Σmin) = 0. Then for a sufficiently
small ǫ, {x ∈ Emin | µ(x) ≤ ǫ} gives a minimal critical piece, still denoted
by Emin. By Lemma 5.9, we have the reduced space Mred = Σg × S
2 and
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emin = −v, where {u, v} is the basis of H
2(Σg × S
2,Z) chosen in Section
3. Therefore, the boundary of Emin is symplectomorphic to a principal S
1-
bundle over (Σg × S
2, ωǫ) whose Euler class is −v and [ωǫ] = u+ ǫv.
Now, let P be a principal S1-bundle over Σg × S
2 whose Euler class is
−v, and let {ωt = σ+ tτ}t∈[ǫ,1−ǫ] be a family of symplectic forms on Σg×S
2
where τ is the normalized symplectic form on S2. By Proposition 7.1, we
have a regular piece E = (P × [ǫ, 1 − ǫ], ω) such that [ωt] = u+ tv and it is
well-glued to Emin by Corollary 7.8.
For (Σg×S
2, σ+ τ), P , and a submanifold X = Σg×{p1, p2} for p1 6= p2,
we have a critical piece Emid for an open interval (1− ǫ, 1 + ǫ) by Theorem
7.4. It is easy to check that this critical piece can be well-glued to the regular
piece E.
Note that D(X) = 2v. Hence, the Euler class of the principal S1-bundle
µ−1(1 + ǫ2 ) is v. Let Q be a principal S
1-bundle over Σg × S
2 whose first
Chern class is v, and let {ωt = σ+(2−t)τ}t∈[1+ǫ,2−ǫ] be a family of symplectic
forms on Σg × S
2. Again by Proposition 7.1, we have a regular piece E′ =
(P ′× [1+ ǫ, 2− ǫ], ω′) such that [ω′t] = u+(2− t)v. Of course it is well-glued
to Emid by Corollary 7.8.
Finally, consider a trivial C2-bundle over (Σg, σ). By a similar construc-
tion of a minimal critical piece, except for considering a diagonal S1-action
on C2 with weight (−1,−1), we have a maximal critical piece which can be
well-glued to E′. This finishes the construction. We choose K ≥ g/2 to
guarantee uniqueness.
0 < t < 1, [ωt] = Ku+ tv, e = −v.
t = 1, X = Σg × {p1, p2}, D(X) = 2v.
1 < t < 2, [ωt] = Ku+ (2− t)v, e = v.
The above Hamiltonian semifree S1-manifold has the fixed point set consist-
ing of four surfaces of genus g, and Mred ∼= Σg × S
2.
Similarly, we can construct a 6-dimensional closed Hamiltonian semi-free
S1-manifoldM with the information below. In this case, M has a fixed point
set consisting of N spheres for any N ≥ 1 and four surfaces of genus g. Here
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Mred = Σg × S
2 with g ≥ 1. Fix a positive number K ≥ N + g. Then
0 < t < 2, [ωt] = Ku+ tv, e = −v.
t = 2, X1 = Σg × {p1, p2}, D(X1) = 2v.
2 ≤ t < 3, [ωt] = Ku+ (4− t)v, e = v.
t = 3, X2 = {q1, · · · , qN} × S
2, D(X2) = Nu.
3 ≤ t < 4, [ωt] = (K − (t− 3)N)u + (4− t)v, e = Nu+ v.
Remark 7.12. Let (M,ω) be a 6-dimensional closed Hamiltonian semifree
S1-manifold whose fixed point set consists of N surfaces. Then with the
maximal and the minimal fixed surfaces, N should be at least 2. The exam-
ples with N = 2 and N = 3 are given in [L1] and [L2].
Example 7.13. This example shows that there is a 6-dimensional closed
Hamiltonian semifree S1-manifold M whose fixed point set consists of N
spheres for arbitrary N ≥ 4, with Mred = S
2 × S2.
0 < t < 2, [ωt] = (N + 1)u+ tv, e = −v.
t = 2, X1 = S
2 × {p1, p2}, D(X1) = 2v.
2 ≤ t < 3, [ωt] = (N + 1)u+ (4− t)v, e = v.
t = 3, X2 = {q1, · · · , qN} × S
2, D(X2) = Nu.
3 ≤ t < 4, [ωt] = ((4 − t)N + 1)u+ (4− t)v, e = Nu+ v.
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